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Equations are derived for predicting the effective thermal conductivity of beds of uncon- 
solidated particles containing stagnant fluid. The effective thermal conductivity a t  these 
conditions, called the stagnant conductivity, is a function of the thermal conductivities of the 
solid and fluid phases, the void fraction, and, if radiation i s  important, the emissivity, mean 
temperature, and diameter of the solid particles. Comparison with the available experimental 
data indicates that the equations are satisfactory for fluids and solid particles of both high and 
low thermal conductivities. 

To extend the theory to beds of consolidated particles, it. is supposed that consolidated beds 
are formed by partial clogging and cementing of beds of unconsolidated particles. With this 
assumption the theoretical equations for packed beds are extended to include such materials as 
sandstone and porous metals, The resulting expressions for the stagnant conductivity involve 
a consolidation parameter characteristic of the solid material. This quantity accounts for the 
heat transfer across the contact surfaces between cemented or clogged particles. The equations 
correctly predict the effect of void fraction and solid and fluid thermal conductivities on the 
heat transfer properties of sandstones and sintered metal systems. 

The heat transfer characteristics of 
fluid-bearing rocks are of growing im- 
portance as a result of the significance 
of thermal methods of petroleum pro- 
duction. The successful design and 
evaluation of these methods depends 
directly upon heat transfer rates in 
porous rocks containing stationary and 
flowing fluid. There have been several 
experimental investigations of tempera- 
ture gradients in porous media filled 
with stationary fluid, but essentially no 
data have been published for the mov- 
ing fluid case. Also there is a need for 
an adequate theory to explain heat 
transfer rates in consolidated media for 
both static and flowing fluid conditions. 
In contrast, the thermal characteristics 
of packed beds of larger sized uncon- 
solidated particles, for example fixed- 
bed catalytic reactors, have been 
studied intensively. 

This investigation is a theoretical 
study of effective thermal conductivi- 
ties of porous media filled with station- 
ary fluid, that is stagnant conductivi- 
ties. The results are applied to beds of 
both unconsolidated particles and con- 

at 

solidated materials such as sandstone. 
Later studies will be concerned with 
heat transfer perpendicular and paral- 
lel to the direction of flowing fluid. 

PREVIOUS WORK 

Stagnant conductivities of porous sand- 
stones have been measured experimentally 
by several observers (2, 3, 7 ,  27, 50), but 
few attempts have been made to explain 
the results in terms of physical properties 
such as the thermal conductivities of the 
solid and fluid phases and the void frac- 
tion. 

In packed beds of unconsolidated parti- 
cles the major experimental studies of 
stagnant conductivities are summarized in 
references 16, 19, 20, 21, 29, 40, 42, 45 
and the theoretical studies in references 
8, 13, 36, 38, 41, 44. Yagi and Kunii ( 4 5 )  
specifically considered the heat transfer 
mechanism through the fluid film near 
the contact surfaces, or points. 

Effective thermal conductivities in 
packed beds with flowing fluids have been 
studied by a number of investigators (1 ,  4, 
5, 6, 9, 11, 17, 18, 21, 22, 24, 25, 26, 28, 
30, 31, 35, 37, 39, 43, 46, 47, 48, and 49). 
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Fig. 1. Heat transfer model for packed bed of Fig. 2. Model for heat transfer near contact 
unconsolidated particles. points of porticles. 
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From these data approximate values of 
the stagnant conductivity can be obtained 
by extrapolation to zero flow rate. 

Previous theoretical investigations of 
heat transfer in consolidated materials 
have been directed toward the refractory 
industry (10, 23, 32). Franc1 and Kingery 
( 1 2 )  measured the effect of void fraction 
of a continuous solid phase with isolated 
small pores of air and found that the 
stagnant conductivity could be represented 
bY 

k e 0 / k ,  = 1-e' (below 900°F.) (1) 

RELATIONSHIP BETWEEN PACKED 
BEDS AND CONSOLIDATED 
POROUS ROCKS 

The effect of void fraction on the 
stagnant conductivity of consolidated 
porous media like sandstone is different 
from its effect on refractory materials. 
The decrease in conductivity with in- 
creasing void fraction is observed to be 
concave downward rather than line- 
arly. 

There are some indications that con- 
solidated porous rocks such as sand- 
stone are more closely related to 
packed beds of unconsolidated parti- 
cles than to refractory materials. It is 
conceivable, for example, that under- 
ground sandstones were formed by 
consolidation of loose materials. Ac- 
cordingly, it appears reasonable to 
analyze the heat transfer problem by 
first considering the behavior of beds 
of unconsolidated particles. 

MECHANISM OF HEAT TRANSFER 
IN BEDS OF UNCONSOLIDATED 
PARTICLES 

Figure 1 shows a cross section of two 
spherical particles in contact with each 
other. I t  is presumed that the particles 
are surrounded by stagnant fluid. Heat 
transfer is assumed to occur in the ver- 
tical direction by the following mech- 
anisms: 

1. Heat transfer through the fluid in 
the void space by conduction and 
by radiation between adjacent 
voids (when the voids are as- 
sumed to contain a nonabsorbing 

2. Heat transfer through the solid 
phase. 
a. Heat transfer through the con- 

tact surface of the solid parti- 
cles. 

h. Conduction through the stag- 
nant fluid near the contact 
surface. 

gas ). 
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Fig. 3. Heat transfer directions for loose packing of spheres. 

Radiation between surfaces of 
solid (when the voids are as- 
sumed to contain a nonabsorb- 
ing gas). 
Conduction through the solid 
phase. 

Over-all mechanisms 1 and 2 are in 
parallel with each other. Mechanism d 
is in series with the combined result of 
parallel: mechanisms a, b, and c. This 
model is somewhat similar to that pro- 
posed by Yagi and Kunii ( 4 5 ) .  Mech- 
anism a will be interpreted in tenns of 
a heat transfer coefficient for conveni- 
ent application to consolidated porous 
media such as sandstone. 

According to the model in Figure 1, 
the effective thermal conductivity is 
given by - k . " ( A t ) / ( a L )  = [heat flux 
in void space (mechanism 1 ) 3 + [heat 
flux through solid phase (mechanism 
2)  3 .  

Therefore 
(mechanism 1) 

At At  - k," -- = - k ,  -e -- + h,, E ( - A t )  AL AL 
(mechanism 2)  

On the other hand the temperature 
drop in the particle = (temperature 
drop in solid phase) + (temperature 
drop near the contact surface), or 

At = At8 + Atn8 

The individual temperature drops may 
be written in terms of the heat flux in 
the solid phase: 

+ 4. (2) 

(3) 

( 5 )  
-9 * 1 

Atn, = --_ 
l - E  $+ hp + h,, 

In these expresssion I, is the thick- 
ness of a slab of solid material which 
would offer the same resistance to heat 
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transfer as the spherically shaped part- 
icle; I ,  is the thickness of a slab of 
stationary fluid which would offer the 
same heat transfe'r resistance as the 
filaments of fluid near the contact point 
between particles. 

Combination of Equations (2) 
through ( 5 )  results in the following 
expression for k.': 

k," = r [ k ,  + h,,, * A L ]  + 
a ( l - - e ) ~ L  
-----__--_--I 

1 E .  
k ,  k, - + hp + h,, 
I ,  

which may be written 

+-- (6) ___-_-_- 

This general equation may be sim- 
plified in many instances. For example, 
except at very low pressures the term 
for heat transfer through the contact 
surfaces (mechanism a )  can be n e g  
lected. Then 

- + 
9 k ,  

When the void spaces contain liquid 
instead of gas, the contributions due to 
radiant heat transfer disappear: 

Even for gaseous systems the radiation 
contributions are negligible, except for 
relatively large particles and high tem- 
perature (above 900'F.). The radiation 
coefficients, when necessary, may be 
estimated by the equations proposed 
by Yagi and Kunii ( 4 5 ) .  

To use Equations (7) to (9) ,  it is 
necessary to know the numerical values 
of the three quantities /3, 7, 9. For close 
packing of spheres, as shown in Figure 
4, the average value of /3 is 

1 1 2 l" 
/3=- - -  D, 3 [(-J+l+ 

(p y] D, = 0.895 

For the most loose or open packing, 
/3 should be unity. Therefore its value 
will range from 0.9 to 1 for almost all 
actual packed beds. The value of y 
depends upon 1.; it will be assumed to 
be the length of a cylinder having the 
same volume as the spherical particle; 
that is 

The most difficult quantity to evalu- 
ate is +, which is a measure of the ef- 
fective thickness I ,  of the fluid film 
adjacent to the contact surface of two 
solid particles. It is determined theo- 
retically in the next section. 

HEAT TRANSFER THROUGH THE 
FLUID PHASE NEAR THE CONTACT 
SURFACE OF SOLID PARTICLES 

Heat transfer through the fluid 
filaments adjacent to the solid particles 
may be analyzed by reference to Fig- 
ure 2. Even though but one contact 
point is shown, each particle will have 
several contact points on its semispheri- 
cal surface which contribute to the 
heat transfer in one direction. One 
should consider the general case and 
assume that the fraction ( l /n )  of the 
total heat flux passes through the fluid 
film near one contact point. The second 
assumption is that the heat flow is 
parallel to the axis between the parti- 
cles. Then the fraction of the total heat 
transfer associated with one contact 
point is 

With these concepts the following ex- 
pression can be derived for q :  

K-1 
q = j p  dq = aR k ,  At  (- -'r>'[ ln{K-(K-l)Cos o,} - --- (1-cos 8 . ) ]  (11) 
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Fig. 4. Directions of heat transfer for close packing of spheres. 

where K is k, /k , .  
Equation (11) includes the heat 

transfer through the solid phase in 
series with the filaments of fluid. Hence 
q can be expressed in terms of the sum 
of the resistances of the two steps; that 
is 

where 2B(2/3) = yDp = 1, and is 
therefore the effective length of the 
spherical solid for thermal conduction. 

Employing the definition of 1, in 
terms of 4 and noting that D, = 2R, 
one can combine Equations (11) and 
(12) to give 

where K = k , /k , ,  
Equation (13) 

sion for 4 for a 

1 2 1  

K-1 3 K  L(K- ( K - ~ ) c o s  e,} - --- (l--cos 8,) 
y 2  

K 

TABLE  K KEY FOH FICVHE 6 

Symbol 

A 

+ 
0 
@ 
A 
0 
0 

e 

V 

Solid 

coal 
coal 
glass 
glass 
calcite 
calcite 
silica 
alumina 
lead 
lead 
copper 

Av. diam. (in. ) 

- 
- 

0.0212 
0.0132-0.089 

0 . 0 9 8 4 3 3  
0.056-0.112 

0.00504-0.0960 
0.0189-0.0429 

0.103 
0.0132-0.0179 
0.0059-0.0068 

Void fraction 

0.437 
0.40 
- 

0.408-0.43 1 
0.4.58-0.493 

0.408-0.439 
0.432-0.461 

0.40 
0.397-0.420 
0.384-0.392 

0.447-0.465 

LATE0 LINES 

0 001 0 01 01 

THERMAL CONDUCTIVITY OF FWlO '4 [ BTU-ft/HR-fl*-*F] 

Fig. 6. Comparison of calculated and experimental data, un- 
consolidated particles. 

(Figure 2 ) .  To obtain the required 4 
for use in Equations (7) to (9) ,  the 
number of contact points on a surface 
of one half of a single particle must be 
determined. 

To estimate n, two arrangements of 
particles, state 1 for the most open 
packing and state 2 for close packing, 
should be considered. For state 1, com- 
posed of spherical particles of uniform 
size packed with their centers at the 

and sin'e, = I/n. 
is the basic expres- 
single contact point 

(13) 

Observers 

Schumann and Voss 
Saito and Okagaki 
Weiniger and Schneidcr 
Preston 
Wadd;ums 
Kimrira 
Preston 
Weiniger and Schneider 
Schumann and Voss 
Kiniiir;i 
Preston 

Fig. 5. @ vs. thermal-conductivity ratio k./k,; @1-1oose packing, @n-close packing. 
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Ref. corngrs of cubes, three axes of sym- 
metry ( a ) ,  ( b )  , and (c)  must be con- 
sidered, with the directions of heat 
transfer as shown in Figure 3. Orienta- 
tions ( b )  and (c) have two and three 
contact points, respectively. However 
these numbers must be corrected for 
the cross-sectional areas perpendicular 
to the directions of heat transfer and 
for the frequency of the orientations. 
From geometrical considerations one 
can show that the data for each orien- 
tation are 

Orientation ( a )  ( b )  (c) 

Area corre- 
sponding to one D,,' dZD," d3D: 
particle 
Number of 3 2 4 
directions 
The derivation of Equation (13) is 

based upon orientation ( a ) ,  as shown 
in Figure 2. Hence the equivalent 
number of contact points for orienta- 
tion ( b )  for use in connection with 
Equation (13) will be nfl, given by 
the expression 

Contact point 1 2 3 

DP 2 

( d 2 D P 7  3 
n', = (2) --=---- ( -) = 0.945 

In this manner the average number of 
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TABLE %-KEY FOH FIGURE 7 

Symbol Solid Av. diam. (in. ) Void fraction Observer Ref. 

0.38 Kling ( 2 1 )  @ chrome steel sphere 0.15 
o steel sphere 0.1-57-0.219 0.38-0.394 Waddams (40)  

(2.9) stainless steel sphcrc 0.0071 0.476-0.502 Preston 
A Sic 0.00236-0.0216 0.410-0.428 Kannrlluick ( 19 ) 

diphenyl-amine 0.00 106 0.513 Kannuluick (19 )  

contact points for all the three orienta- 
tions will be approximately 

1 *=- (1 + n' + n") = 

4 is proportional to the thermal resist- 
ance, the correct value for an actual 
bed should be approximately an addi- 
tive function of 41 and +2. Hence for a 
bed with a void fraction E, 4 is given 

- 1 (1 + 0.945 + 2.31) = 1.42 N 1.5 by 
3 

As seen in Figure 4, one symmetri- 
cal axis is sufficient for the close pack- 
ing state. The equivalent number of 
the contact points related to state 1, 
orientation (a), is 

When one uses these values of n to 
determine 8,, Equation (13) can be 
used to obtain values of 4 for each 
packing state. The results plotted vs. 
the ratio k./k, are shown in Figure 5. 

The void fractions for the two cases 

a - a, 
€1 - €2 

A +  4 = 42 + (41 - 42) ---- = 

B - 0.260 
( - &) ------ for el 2 a 2  as (14) 

0.216 

For particles of uniform size it is not 
possible for the void fraction to be less 
than c2. Therefore observed values less 
than c2 might be considered the result 
of clogging by smaller particles in the 
void spaces. For such cases it seems 
advisable to use a2 rather than the 
extrapolated value from Equation (14). 
Similarly, observed void fractions larger 
than c1 would be caused bv the Dres- 

COMPARISON WITH EXPERIMENTAL 
DATA-UNCONSOLIDATED PARTICLES 

Equations (8) and (9) were used to 
predict stagnant conductivities for com- 
parison with the available experimental 
data. The values of k,, k,, D,, a, and 
the mean temperature, needed for the 
calculations, were taken from the pub- 
lished papers. The agreement between 
computed and observed stagnant con- 
ductivities is good, as illustrated 
graphically in Figures 6 to 8. In Figure 
6 are included the systems for which 
the void fraction is close to 0.42 and 
the computed curves are based upon 
this value. Figure 8 includes almost all 
the published data that have been 
found for the stagnant conductivity. 
The ranges of experimental conditions 
in Figure 8 are as follow: 

solids : diphen ylamine , naphthalene, 
coal, calcite, silica, carborun- 
dum, steel, lead, copper, 
aluminum 

average particle diameter: from 
0.00106 to 0.312 in. 

fluid: gas-carbon dioxide, air, nitro- 
gen, methane, propane, helium, 
hydrogen 
liquid-water, glycerine, iso- 
octane, ethyl alcohol, mercury 

are ence of exceptionauy laige hchow 
spaces compared with the average void 

nificantly to the effective thermal con- 
ductivity. Hence for such cases it is 
proposed that approximately 

4 = +1 for 2 el 

4 = +2 for c 5 e2 

As previously mentioned, there are 
available a number of investigations on 

State 1: = 1 - - = 0.476 space. This could not contribute sig- effective thermal conductivities in 
packed beds through which fluids are 
flowing. Although the procedure is 
somewhat inaccurate, k." can be ob- 
tained from these data by the extra- 
polation to zero flow rate. Figure 9 
shows the comparison of k." values de- 

?r 

6 

VTT 
State 2: c2 = 1 - --- = 0.260 

It is supposed that actual packed 
beds may be considered a composite 
of the two basic packing states. Since 

6 
* 

(15) 

0.001 0.01 0.1 I 

THERMAL CONDUGTlVlTY OF FLUID k, [ @Tu-f/HR-H'-'F] 

Fig. 7. Comparison of calculated and experimental data, un- 
consolidated particles. 

a03 OM .as at 02 ad 06 1.0 8.0 ( 0  60 10 

%: OOS.CRVED [BW-FT/HR -FT*+-] 

Fig. 8. Comparison of calculated and experimental data for packed beds 
of unconsolidated particles with motionless fluids. 
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Fig. 9. Comparison of calculated and experimental data obtained by 
extrapolation of results for moving fluids. 

termined in this manner with those 
computed from Equations j 8 )  and 
(9). The experimental conditions for 
the various investigations are as fol- 
lows: 

solids: pumice, terrana, limestone, 
silica, glass, celite, insulating 
firebrick, alundum, steel, lead, 
aluminum 

average diameter: from 0.0063 to 
0.65 in.; spheres, cylinders, etc. 

fluid: gas-air, natural gas 
liquid-ho-octane, ethyl alco- 
hol, water 

Figures 6 to 8 show data for a large 
range of particle sizes and thermal con- 
ductivities of solid and fluid phases. 
The agreement between the predicted 
and observed stagnant conductivities 
sug ests that the proposed prediction 

for a variety of beds of unconsolidated 
particles. The next step is the extension 
of the theory to consolidated particles. 

met a od may be used with coddence 

EXTENSION OF THEORY TO 
CONSOLIDATED POROUS MEDIA 

It has been suggested earlier that at 
least some kinds of consolidated porous 
media, for instance sandstone or sin- 
tered porous metal, originate as beds 
of unconsolidated particles. Then con- 
solidation might occur by partial clog- 
ging with the cementing substance or 
by sintering. The original bed of un- 
consolidated particles is clogged with 
cementing substance as shown in Fig- 
ure IOU. In this case some parts of the 
void space would become clogged, and 
the rest remain open. The result of 
consolidation is an increase in the aver- 

Fig. 10. Model of consolidated porous media. 

yields 

age grain size. However the pore size 
is the same as in the original packed 
bed. 

The mechanism of heat transfer for 
this model is assumed to be as shown 
in Figure lob. Here heat is flowing in 
the vertical direction through the void 
space, E' and through the solid fraction, 
1-E'. In this latter part the flow is in 
series through solid of thickness P, and 
fluid of thickness 1.. The detailed 
mechanisms of heat transfer are similar 
to those for unconsolidated particles 
(Figure 1) , except that the shape and 
relative size of void and solid spaces 
differ. 

Since the average thickness of the 
fluid film is assumed to be the same for 
both the original packed bed and the 
clogged porous media, the number of 
solid layers in the consolidated bed is 
proportional to its void fraction and 
may be written as 

N' €' 

N c  
- --- 

The average length of the unit of 
clogged solid is inversely proportional 
to the number of such solid units: 

When one uses the detailed mecha- 
nisms of heat transfer similar to Figure 
1, the resultant expression for k," is the 
same as Equation (6)  for unconsoli- 
dated particles, except that e and 1. are 
replaced by C' and 1.'. From Figure 10 
it seems reasonable to propose that 

AL = 1,' + 2, and E ,  = D ,  (18) 
Combining Equations (17) and (18) 

A.1.Ch.E. Journal 

The desired expression for k," can 
then be obtained from Equation (6) 
by first replacing c and I ,  with c' and 
1.' and then using Equation (18) and 
(19) for AL and l#'. The result, con- 
verted to the form of k."/k,, is 

k." k, -- = c'-- + L --- 
k, k. 

( 1 - 4  ( l + f 4 )  
+----------L-------- 

(€'/€) 1 +  ---------I- A("-) .+ D9 (h9+ h,,) 
4 k* k, (20) 

Equation (20) includes the term in- 
volving h,, since this mechanism may 
be important in consolidated beds. 

For most temperatures the radiation 
terms are negligible, and Equation 
(20) reduces to 

( 1 4 )  ( l+&) 

(€'/€I 

The heat transfer through the con- 
tact surface between consolidated par- 
ticles, represented by the dimension- 
less group h9D,/k. in Equation (21),  
cannot be easily evaluated. It is 
characteristic of the kind of solid mate- 
rial and the type of consolidation. It 
will be regarded as a consolidation 
parameter to be determined by com- 
paring experimental data with Equa- 
tion (21). 

COMPARISON WITH EXPERIMENTAL 
DATAAONSOLIDATED PARTICLES 

To treat porous media over a rela- 
tively large range of void fraction, 
namely 0 to 0.40, state 1 is chosen as 
the basic fundamental packing ar- 
rangement for consolidated particles. 
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Fig. 11. Comparison of stagnant conductivities for limestone. 

Then the required 4 value can be ob- 
tained from the line of in Figure 5, 
and taken as 0.476, both for use in 
Equation (21).  The consolidation 
parameter D,h,/k, is independent of 
the fluid in the pores of the void frac- 
tion. 

Figure 11 shows the comparison of 
calculated lines with the experimental 
data for different fluids in limestone 
and limy sandstones originating in dif- 
ferent places, that is the Netherlands, 
France, and California. When one as- 
sumes D,h,/k, as 0.2 and 0.3 in E ua- 

reasonably well the variation of k," 
with void fraction. These computed 
results are based upon a value of k, = 
2.24 B.t.u./(hr.)-(ft.) (OF), as taken 
from the International Critical Tables. 

The experimental data for sand- 
stones by Zierfuss and Vliet (50), 
Clark ( 7 ) ,  and Asaad (2) are com- 
pared with calculated results in Fig- 
ure 12. Since the thermal conductivity 
of the solid phase is the mean value of 
the clogged group of particles, as 
shown in Figure 10a, the numerical 
value of k, is not necessarily the same 
as that of pure quartz but rather may 
lie between the values of quartz and of 
the cementing material. In view of 
this, three different values ,of k,, 5, 4,  
and 3, were used in Equation (21).  
Hence in Figure 12 three computed 
curves are shown. The consolidation 
parameter was taken as 0.2 for all three 
computed curves. It should be noted 
that samples from the same country 
originated in nearly every case from 
two or three different formations. 
Hence the consolidation parameter and 
thermal conductivities of the clogged 
material probably were different not 
only from country to country but for 
different samples from the same coun- 
try. As in Figure 11, the variation of 
stagnant conductivity with void frac- 
tion is predicted well by Equation 
(21), although the absolute experi- 
mental values scatter. This suggests 
that the proposed theory correctly re- 
flects the effect of void fraction. In ad- 

tion (21), the calculated lines exp P ain 
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BY CLARK 
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Fig. 12. Comparison of stagnant conductivities for sandstone. 

dition, the data in Figures 11 and 12 
indicate that the influence of the ther- 
mal conductivity of the fluid is ade- 
quate accounted for. 

Saunders et al. (15)  presented the 
experimental data for effective thermal 
conductivities of sintered porous metals 
within stagnant air. Since the composi- 
tion of the metal, a copper-tin alloy, 
was not given, the arithmetic mean 
value of the thermal conductivity taken 
as k, = 120 B.t.u.-ft./(hr.) (sq.ft.)- 
( O F . )  was employed. When one as- 
sumes the dimensional group D,h,/ 
k ,  to be 0.075, the calculated line 
agrees well with the experimental data, 
as shown in Figure 13. 

CONCLUSIONS 

Equations (7)  to (9) appear to pre- 
dict with reasonable accuracy the 
effective thermal conductivities for 
various types of beds of unconsolidated 
particles filled with stationary fluid. 
The development is based upon pro- 
posing a model for the various mech- 
anisms of heat transfer. The data re- 

quired for using Equations (7)  to (9) 
are the thermal conductivities of the 
solid and fluid phases and the void 
fractions of the bed. If radiation con- 
tributions are significant, other infor- 
mation i s  needed. 

The theory was extended to beds of 
consolidated particles such as sand- 
stone and sintered-metal particles. A 
dimensionless consolidation parameter 
was introduced to account for the heat 

SINTERED Cu-Sn ALLOY DATA BY 

0.1 0.2 0.3 D.4 

VOID FRACTION C' 

Fig. 13. Comparison of calculated and experi- 
mental data for sintered porous copper-tin 

alloy. 
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transfer through the contact surfaces 
of the consolidated particles. This pa- 
rameter is a specific property of the 
consolidation state and the solid phase. 
Values of 0.2 to 0.3 satisfactorily ex- 
plained available data for sandstone, 
but smaller values were necessary for 
sintered metal particles, reflecting the 
larger thermal conductivity of the me- 
tallic solid phase. The theoretical de- 
velopment satisfactorily correlated data 
for a variety of fluid and solid mate- 
rials over a range of void fraction. 

In future work it is planned to ex- 
tend the same method of approach to 
consolidated beds filled with moving 
fluid. 
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NOTATION 

particle for heat transfer in 
a bed of consolidated parti- 
cles, ft. 

I" = effective thickness of the 
fluid film adjacent to the sur- 
face of two solid particles, ft. 

= number of solid particles in 
a unit length of packed bed, 
measured in the direction of 
heat flow 

= number of clogged particles 
in a unit length of consoli- 
dated porous media, meas- 
ured in the direction of heat 
flow 

= number of contact points on 
a semispherical surface of 
one solid particle 

N 

N 

11. 

9 
48 

R 
t = temperature, OF. 
A t  = increment of temperature, 

OF. 
xo = diameter of sectional area 

corresponding to one contact 

= heat flow rate, B.t.u./hr. 
= heat flux through solid phase, 

= radius of solid particle, ft. 
B.t.u./hr.-sq.ft. 

diameter of unconsolidated point, ft. 
Darticles in a Dacked bed or 
diameter of original particles 
before clogging in consoli- 
dated porous media, ft. 
heat transfer coefficient rep- 
resenting the heat transfer 
rate through the contact sur- 
face between solid particles 
in a bed of unconsolidated 
particles or between two 
clogged particles in a con- 
solidated bed, B.t.u./ (hr.)- 
(sq.ft.) (OF.) 

: heat transfer coefficient for 
thermal radiation, solid sur- 
face to solid surface, B.t.u./- 
(hr.) (sq.ft.) (OF.) 

: heat transfer coefficient for 
thermal radiation, void space 
to void space, B.t.u./ (hr.) - 
(sq.ft.) (OF.) 

: stagnant conductivity, that 
is effective thermal conduc- 
tivity of porous media filled 
with stagnant fluid for both 
unconsolidated and consoli- 
dated particles, (B.t.u.)- 
(ft.)/(hr.) (sq.ft.) (OF.) 

= thermal conductivity of fluid, 
(B.t.u.) (ft.)/(hr.) (sq.ft.)- 
(OF.) 

= thermal conductivity of solid 
phase, (B.t.u.) (ft.) / (hr.) - 
(sq.ft.) (OF.) 

= effective length between cen- 
ters of two neighboring solid 
particles in direction of heat 
fiow, ft. 

= effective length of a solid 
particle for heat transfer in 
a bed of unconsolidated 
particles, ft. 

= effective length of a clogged 

Greek Letters 
6 = AL/D, 

= l J D ,  3 = lJD,,  
= 4 value corresponding to the 

loose or most open packing 
of spheres 

= + value corresponding to the 
closest packing of spheres 

+* 
K = kJk, 
€ = void fraction of a packed 

bed of unconsolidated parti- 
cles 

€1 = void fraction corresponding 
to the most open packing ar- 
rangement 

€2 = void fraction corresponding 
to the closest packing ar- 
rangement 

= void fraction of a bed of con- 
solidated porous media 

€' 

e = angle, radians 
e, = angle corresponding to 

boundary of heat flow area 
for one contact point, radi- 
ans 
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Hypothetical Standard States and the 

Thermodynamics of High-Pressure Phase 

Equilibria 
J. M. PRAUSNITZ 

University o f  California, Berkeley, California 

Thermodynamic analysis of phase-equilibrium data is necessary for testing such data, for 
extension to new conditions, and for purposes of correlation and prediction of phase-equilibrium 
behavior. While such analysis i s  common for low-pressure systems, it is rare for high-pressure 
systems owing to difficulties encountered in the definition of standard states. For a gaseous 
salute in the liquid phase it is proposed that the standard state be taken as the hypothetical 
liquid a t  the temperature and total pressure of the solution. The properties of this standard 
state are specified by the temperature and total pressure ond by the specific volume which 
the substance would have i f  it did not experience a phase change. This standard state is useful 
since it i s  not a function of the solution but only of the substance being considered. For a 
condensable component in the gas phase it is convenient for most purposes to define the standard 
state as the ideal gas a t  the temperature and total pressure of the solution, but to separate 
the effect of composition on the activity coefficient from that of pressure, it is proposed to 
define the standard state as the real hypothetical gas at the solution conditions. To illustrate 
these ideas, activity coefficients are computed for several high-pressure systems, and it is 
shown how these activity coefficients may be used in the correlation, testing, and extension 
of high-pressure phase-equilibrium data. 

Thermodynamic analysis of phase- 
equilibrium data is needed for testing 
and correlating such data and especially 
for extension to new conditions and to 
other systems for which no data are 
available. It is not reasonable to expect 
that good data for a very large number 
of systems will ever be obtained over 
wide ranges of temperature and pres- 
sure, and it is therefore essential that 
available data for representative sys- 
tems be carefully scrutinized and inter- 
preted with the aid of suitable thermo- 
dynamic functions. Such thermodynamic 
analysis, coupled with the theory of 
intermolecular forces and aided by 
techniques like the molecular theory 
of corresponding states, forms the basis 
for a useful generalization of phase- 
equilibrium data. The primary justifica- 
tion for thermodynamic analysis is that 

it.is the first important step toward the 
ultimate aim of solution theory: pre- 
diction of the properties of a mixture 
from those of the pure components. 

In the technical literature it has 
been customary to subject to thermo- 
dynamic analysis equilibrium data for 
solutions taken at or near atmospheric 
pressure, but there has been a notable 
absence of such analyses for phase- 
equilibrium data obtained at higher 
pressures in the vicinity of 100 atm. 
or more. For example some of the ex- 
cellent experimental studies of Sage 
and Lacey and W. B. Kay and their 
co-workers on hydrocarbon mixtures 
have been in the literature for many 
years but have received very little 
thermodynamic scrutiny. A major rea- 
son for the lack of thermodynamic 
attention to high-pressure systems is 

A.1.Ch.E. Journal 

that when the customary thermody- 
namic functions of the high-pressure 
mixture are referred to those of the 
pure components, these components 
exist in physically unattainable (hypo- 
thetical) states. Thermodynamic analy- 
sis of high-pressure systems therefore 
requires precise definitions of hypo- 
thetical standard states as well as 
methods of evaluating the thermody- 
namic functions corresponding to those 
states. This paper presents techniques 
for the calculation of hypothetical 
standard-state functions and in a few 
examples illustrates their applicability 
to thermodynamic analysis of high- 
pressure phase equilibria. 

STANDARD STATES 

The activity coefficient of a compo- 
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